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Abstract
Within asymptotically safe Quantum Einstein Gravity (QEG), the quan-
tum 4-sphere is discussed as a specific example of a fractal spacetime manifold.
The relation between the infrared cutoff built into the effective average action
and the corresponding coarse graining scale is investigated. Analyzing the
properties of the pertinent cutoff modes, the possibility that QEG generates a
minimal length scale dynamically is explored. While there exists no minimal
proper length, the QEG sphere appears to be “fuzzy” in the sense that there
is a minimal angular separation below which two points cannot be resolved
by the cutoff modes.
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1. Introduction
It is an old speculation, based upon various heuristic arguments [1], that quan-
tum gravity induces a lower bound on physically realized distances. Since this issue
can be addressed only in a fundamental quantum theory of gravity (as opposed to
a low energy effective theory) it is natural to analyze it within Quantum Einstein
Gravity (QEG). This theory is an attempt at the nonperturbative construction of
a predictive quantum field theory of the metric tensor by means of a non-Gaussian
renormalization group (RG) fixed point [2]-[19]. From what is known today it ap-
pears indeed increasingly likely that there does exist an appropriate fixed point which
renders QEG nonperturbatively renormalizable or “asymptotically safe” [10, 5, 7, 8].
An important tool in analyzing the RG flow of QEG is the effective average
action and its exact functional RG equation [20, 21]. In the case of QEG [3], the
average action is a diffeomorphism invariant functional of the metric, Γk[gµν ], which
depends on a variable infrared (IR) cutoff k. For k → ∞ it approaches the bare
action S, while it equals the standard effective action at k = 0. The effective field
equations implied by Γk define a k-dependent expectation value of the metric, a kind
of mean field, 〈gµν〉k:
δΓk
δgµν(x)
[〈g〉k] = 0. (1)
At least when one applies the average action technique to Euclidean non-gauge
theories on flat space, i.e. when the metric is non-dynamical, or to statistical me-
chanical systems on a rigid lattice, the action Γk has the following properties [22]:
(i) It defines an effective field theory at the momentum scale k. This means that
every physical process which involves only a single momentum scale, say p, is well
described by a tree level evaluation of Γk with k chosen as k = p. (ii) At least
heuristically [22], Γk may be interpreted as arising from a continuum version of
a Kadanoff-Wilson block spin procedure, i.e. it defines the dynamics of “coarse
grained” dynamical variables which are averaged over a certain region of Euclidean
spacetime. Denoting the typical linear extension of the averaging region by ℓ, one
has ℓ ≈ π/k in flat spacetime (at least for non-gauge theories). In this sense, Γk can
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be thought of as a “microscope” with an adjustable resolving power ℓ = ℓ(k).
In quantum gravity where the metric is dynamical it is not clear a priori to what
extent (i) and (ii) continue to be valid. For sure the relationship between the IR
cutoff k and the “averaging scale” ℓ is more complicated in general. It is one of
the purposes of the present paper to give a concrete definition of an “averaging”
or “coarse graining” scale ℓ, and to understand how it depends on k. Using this
definition, along with certain qualitative properties of the RG trajectories of QEG,
we shall demonstrate that the theory generates a minimal length scale in a dynamical
way. The interpretation of this scale is rather subtle, however. One has to carefully
distinguish different physical questions one could ask, because depending on the
question a minimal length will, or will not become visible.
Let us assume we have solved the exact RG equation and picked a specific RG
trajectory, a curve k 7→ Γk on theory space. Then we can write down the effective
Einstein equations (1) along this trajectory and, after fixing appropriate symme-
try and boundary conditions, find the corresponding family of mean field metrics{〈gµν〉k ; 0 ≤ k <∞}. As for the interpretation of the average action approach in
QEG, it is crucial to appreciate the fact that the infinitely many equations in (1),
one at each scale k, are valid simultaneously, and that all the mean fields 〈gµν〉k refer
to one and the same physical system, a “quantum spacetime” in the QEG sense.
The mean fields 〈gµν〉k describe the metric structure in dependence on the length
scale on which the spacetime manifold is probed. An observer exploring the struc-
ture of spacetime using a “microscope” of resolution ℓ(k) will perceive the universe
as a Riemannian manifold with the metric 〈gµν〉k. While 〈gµν〉k is a smooth classical
metric at every fixed k, the quantum spacetime can have fractal properties because
on different scales different metrics apply. In this sense the metric structure on
the quantum spacetime is given by an infinite set
{〈gµν〉k ; 0 ≤ k <∞} of ordinary
metrics.
Recently it has been shown [23] that in asymptotically safe theories of gravity,
at sub-Planckian distances, spacetime is indeed a fractal whose spectral dimension
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[24] equals 2. It is quite remarkable that a similar dynamical dimensional reduction
from 4 macroscopic to 2 microscopic dimensions has also been observed in Monte
Carlo simulations of causal dynamical triangulations [25, 26, 27]. 1
In order to understand the relation between ℓ and the IR cutoff k we must recall
the essential steps in the construction of the average action [3]. The formal starting
point is the path integral
∫ Dγµν exp (−S[γ]) over all metrics γµν , gauge fixed by
means of a background gauge fixing condition [29]. Even without an IR cutoff, upon
introducing sources and performing the usual Legendre transform one is led to an
effective action Γ [gµν ; g¯µν ] which depends on two metrics, the expectation value of
γµν , denoted gµν , and the non-dynamical background field g¯µν . It is well-known [29]
that the functional Γ[gµν ] ≡ Γ[gµν ; g¯µν = gµν ] obtained by equating the two metrics
generates the 1PI Green’s functions of the theory.
The IR cutoff is implemented by first expanding the shifted integration variable
hµν ≡ γµν − g¯µν in terms of eigenmodes of D¯2, the covariant Laplacian formed
with the background metric g¯µν , and interpreting Dhµν as an integration over all
expansion coefficients. Then a suppression term is introduced which damps the
contribution of all D¯2-modes with eigenvalues smaller than k2. Following the usual
steps [22, 30] this leads to the scale dependent functional Γk[gµν ; g¯µν ], and again
the action with one argument is obtained by equating the two metrics: Γk[gµν ] ≡
Γk[gµν ; g¯µν = gµν ]. It is this action which appears in (1). Because of the identification
of the two metrics it is, in a sense, the eigenmodes of D2, constructed from the
argument of Γk[g], which are cut off at k
2. Note that neither the gµν- nor the g¯µν-
argument of Γk has any dependence on k. Therefore γµν is expanded in terms of
eigenfunctions of a fixed operator D¯2. Since its eigenfunctions are complete, we
really integrate over all metrics when we lower k from infinity to zero.
Note that a k-dependent mean field arises only at the point where we go “on
shell” with gµν = g¯µν : the solution 〈gµν〉k to eq. (1) depends on k, simply because
Γk does so.
1See also [28] for related discussions of fractal spacetimes within different theories of gravity.
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In ref. [23] an algorithm was proposed which allows the reconstruction of the
“averaging” scale ℓ from the cutoff k. The input data is the set of metrics charac-
terizing a quantum manifold,
{〈gµν〉k}. The idea is to deduce the relation ℓ = ℓ(k)
from the spectral properties of the scale dependent Laplacian ∆k ≡ D2
(〈gµν〉k)
built with the solution of the effective field equation. More precisely, for every fixed
value of k, one solves the eigenvalue problem of −∆k and studies in particular the
properties of the eigenfunctions whose eigenvalue is k2, or nearest to k2 in the case
of a discrete spectrum. We shall refer to an eigenmode of −∆k whose eigenvalue is
(approximately) the square of the cutoff k as a “cutoff mode” (COM) and denote
the set of all COMs by COM(k).
If we ignore the k-dependence of ∆k for a moment (as it would be appropriate
for matter theories in flat space) the COMs are, for a sharp cutoff, precisely the last
modes integrated out when lowering the cutoff, since the suppression term in the
path integral cuts out all hµν-modes with eigenvalue smaller than k
2.
For a non-gauge theory in flat space the coarse graining or averaging of fields is
a well defined procedure, based upon ordinary Fourier analysis, and one finds that
in this case the length ℓ is essentially the wave length of the last modes integrated
out, the COMs.
This observation motivates the following tentative definition of ℓ in quantum
gravity. We determine the COMs of −∆k, analyze how fast these eigenfunctions
vary on spacetime, and read off a typical coordinate distance ∆xµ characterizing
the scale on which they vary. For an oscillatory COM, for example, ∆x would
correspond to an oscillation period. (In general there is a certain freedom in the
precise identification of the ∆xµ belonging to a specific cutoff mode. This ambiguity
can be resolved by refining the definition of ∆xµ on a case-by-case basis only. Since
in the present paper only oscillatory eigenfunctions will be encountered we shall not
be more specific here.) Finally we use the metric 〈gµν〉k itself in order to convert
∆xµ to a proper length. This proper length, by definition, is ℓ. Repeating the above
steps for all values of k, we end up with a function ℓ = ℓ(k). In general one will find
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that ℓ depends on the position on the manifold as well as on the direction of ∆xµ.
Since this position and direction dependence plays no role in the present paper we
shall not indicate it notationally.
In the following ℓ will always denote the intrinsic length scale of the COMs
obtained from the above algorithm. Our experience with theories in flat spacetime
suggests that the COM scale ℓ is a plausible candidate for a physically sensible
resolution function ℓ = ℓ(k), but there might also be others, depending on the
experimental setup one has in mind. Interestingly enough, we shall see that in
quantum gravity the COM scale ℓ(k) has properties which are quite different from
classical physics.
For later comparison with QEG it is instructive to go through the various steps
of the algorithm in the standard case. We consider a classical flat Euclidean space
with metric δij and Laplacian ∆ =
∑
∂2i . The eigenmodes of −∆ with eigenvalue
k2 are sin(~q · ~x) and cos(~q · ~x) with ~q2 = k2. They vary between their maximal value
+1 and their minimal value −1 in a coordinate interval ∆~x with (∆~x)2 = π2/k2.
The length corresponding to this coordinate distance, obtained with the metric δij ,
is
ℓ(k) =
√
δij∆xi∆xj = π/k. (2)
Thus we recover the expected inverse proportionality ℓ ∝ 1/k.
The most difficult step in the construction of QEG spacetimes consists in finding
the RG trajectories. The running action Γk[gµν ] satisfies an exact functional RG
equation [3]. In practice it is usually solved on a truncated theory space. In the
Einstein-Hilbert truncation, for instance, Γk is approximated by a functional of the
form
Γk[g] = (16πG(k))
−1
∫
d4x
√
g {−R(g) + 2Λ(k)} (3)
involving a running Newton constant G(k) and cosmological constant Λ(k).
For each k, the action (3) implies an effective field equation
Rµν(〈g〉k) = Λ(k) 〈gµν〉k . (4)
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Figure 1: A Type IIIa trajectory and the separatrix. The dashed line is a trajectory
of the canonical RG flow. The arrows point in the direction of decreasing k.
Note that the running Newton constant G(k) does not appear in this effective Ein-
stein equation. It enters only when matter fields are introduced.
The qualitative properties of the trajectories following from the Einstein-Hilbert
approximation are well-known by now [6]. Fig. 1 shows a “Type IIIa” trajectory
which would be the type that is presumably realized in the real universe since it
is the only type that has a positive Newton’s constant G(k) and a small positive
cosmological constant Λ(k) at macroscopic scales. In Fig. 1 it is plotted in terms
of the dimensionless parameters g(k) ≡ k2G(k) and λ(k) ≡ Λ(k)/k2 and compared
to the canonical trajectory of classical gravity (dashed curve) with Λ =const and
G =const. The Type IIIa trajectory contains the following four parts, with increas-
ing values of the cutoff k:
i) The classical regime for small k where the trajectory is identical to the canonical
one. (In Fig. 1 the segment between the points P1 and P2.)
ii) The turnover regime where the trajectory, close to the Gaussian fixed point at
g = λ = 0, begins to depart from the canonical one and turns over to the separatrix
which connects the Gaussian with the non-Gaussian fixed point (g∗, λ∗). By defini-
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tion, the coordinates of the turning point T are gT and λT , and it is passed at the
scale k = kT .
iii) The growing Λ regime where G(k) is approximately constant but Λ(k) runs pro-
portional to k4.
iv) The fixed point regime where the trajectory approaches the non-Gaussian fixed
point in an oscillating manner. Directly at the fixed point one has g(k) ≡ g∗ and
λ(k) ≡ λ∗, and therefore G(k) ∝ k−2 and Λ(k) ∝ k2 for k →∞. The non-Gaussian
fixed point is responsible for the nonperturbative renormalizability of the theory.
The behavior of the trajectory in the extreme infrared is not yet known since the
Einstein-Hilbert approximation breaks down when λ(k) approaches the value 1/2. A
more general truncation is needed to approximate the RG trajectory in that region.
For this reason the classical region i) does not necessarily extend to k = 0, and we
speak about “laboratory” scales for values of k ≡ klab in the region where G and Λ
are constant. The Planck mass is then defined as
mPl ≡ 1/
√
G(klab). (5)
In the regimes i), ii) and iii) the trajectory is well approximated by linearizing the
RG flow about the Gaussian fixed point. In terms of the dimensionful parameters
one finds that in its linear regime G(k) =const and [31]
Λ(k) = Λ0
[
1 + (k/kT )
4
]
(6)
where Λ0 is a constant. The corresponding dimensionless λ = Λ/k
2 runs according
to
λ(k) = Λ0
[(
1
k
)2
+
(
k
k2T
)2]
(7)
Note that this function is invariant under the “duality transformation” k 7→ k2T/k:
λ(k) = λ(k2T/k). (8)
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For further details and a discussion of the other types of trajectories we refer to
[6] and [31]. The analysis in the following sections of this paper refers entirely to
trajectories of Type IIIa.
The rest of this paper is organized as follows. After discussing the concept of
scale dependent distances in Section 2 we introduce, in Section 3, a specific model of
a fractal spacetime, the four-sphere in the sense of QEG. On this spacetime all the
constructions reviewed in the Introduction can be performed explicitly. In particu-
lar, in Section 4, we determine the corresponding cutoff modes, the set COM(k), and
derive their proper coarse graining scale ℓ. While ℓ can become arbitrarily small we
shall demonstrate in Section 5 that the angular resolution of the COMs cannot be
increased beyond a certain point, rendering the S4 of QEG a kind of “fuzzy sphere”.
In Section 6 we analyze this fuzzyness from the point of view of a macroscopic ob-
server. Then, in Section 7, we discuss the idea of an “intrinsic” distance of two
spacetime points, as well as a new kind of duality transformations exchanging large
and small distances. Section 8 contains a brief summary of the results.
2. Scale dependent distances
With a fixed classical metric, the (geodesic, say) distance of two given points x
and y on a Riemannian manifold reads
L(x, y) ≡
∫
Cxy
(gµνdx
µdxν)1/2 (9)
where Cxy denotes the geodesic connecting x to y. (For simplicity, we assume that
x and y are close enough so that there are no caustics.) In a quantum spacetime,
gµν is replaced by the set of metrics {〈gµν〉k}. As a result, the distance from x to y
depends on k now:
Lk(x, y) ≡
∫
Cxy
(〈gµν〉k dxµdxν)1/2 . (10)
The interpretation of this k-dependent distance is as follows. If k parametrizes the
“resolution of the microscope” with which the spacetime is observed, the metric
〈gµν〉k and correspondingly the distance Lk(x, y) pertain to a specific scale of reso-
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lution, and different observers, using microscopes of different k-values, will measure
different lengths in general. This k-dependence of lengths is analogous to the “coast-
line of England phenomenon” well known from fractal geometry [32, 24]. What com-
plicates the situation in QEG is that k has no direct physical meaning a priori and
can be related to an averaging scale only indirectly, for instance via the properties
of the COMs.
3. The QEG four-sphere
The QEG four-sphere is a manifold in the QEG sense, i.e. supplied with a family
of infinitely many metrics {〈gµν〉k |k = 0, · · · ,∞}. To be specific, it is the family
of maximally symmetric solutions of (4) with positive curvature. It exists only
provided Λ(k) > 0, which is the case for all type IIIa trajectories. Strictly speaking,
as long as we are restricted to the Einstein-Hilbert truncation, the family of metrics
starts not at k = 0, but at some k = kmin, beyond which (towards the infrared) the
trajectory cannot be continued.
We may parametrize the four-sphere by coordinates (ζ, η, θ, φ) with ranges 0 <
ζ, η, θ < π and 0 ≤ φ < 2π. The metric can be written as
〈gµν〉k dxµdxν = r2(k)
[
dζ2 + sin2 ζ
(
dη2 + sin2 η(dθ2 + sin2 θdφ2)
)]
, (11)
where r(k) is the k-dependent radius of the S4. To determine it, one has to insert
the ansatz (11) into the effective vacuum field equation (4). The result is
r(k) =
√
3/Λ(k). (12)
The family of metrics (11), (12) constitutes a concrete example of a quantum
spacetime as it was discussed in ref. [23]. In particular it has a scale dependent,
in general non-integer fractal dimension. Both the spectral dimension DS and the
one based upon the anomalous dimension ηN interpolate between 4 at macroscopic
distances and 2 on microscopic scales. Contrary to a Brownian curve or the coastline
of England the fractal dimension of the quantum spacetime is equal or smaller than
the classical one. The reason is that, according to (11) and (12), distances decrease
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when we increase the cutoff k. The metric scales as 〈gµν〉k ∝ 1/Λ(k) so that in
the fixed point regime 〈gµν〉k ∝ 1/k2 implying Lk(x, y) ∝ 1/k for any (geodesic)
distance.
In fact, on the sphere it is easy to write down the geodesic distance (10) explicitly.
Without loss of generality we may assume that the two points x and y are both
located on the equator ζ = η = θ = π/2. Denoting their φ-angles by φ(x) and φ(y),
respectively, and exploiting that on the equator
〈gφφ〉k = r2(k) = 3/Λ(k) (13)
the geodesic distance Lk(x, y) =
√〈gφφ〉 ∫ dφ = r(k) ∫ dφ reads
Lk(x, y) =
√
3/Λ(k) |φ(x)− φ(y)| (14)
=
1
k
√
3
λ(k)
|φ(x)− φ(y)|.
We shall come back to this expression later on.
4. The cutoff modes and their resolving power
On the quantum S4, the scalar eigenfunctions of −∆k have the discrete eigen-
values
En = n(n+ 3)
r2(k)
, n = 0, 1, 2, 3, · · · (15)
with degeneracies
Dn =
1
6
(n+ 1)(n+ 2)(2n+ 3). (16)
The eigenmodes are labeled by four integer quantum numbers n, l1, l2 and m, where
n ≥ l1 ≥ l2 ≥ |m|. They have the form
Ynl1l2m(ζ, η, θ, φ) = 4P¯
l1
n (ζ) 3P¯
l2
l1
(η) 2P¯
m
l2
(θ)
1√
2π
eimφ. (17)
Here iP¯
j
k (α) are generalized associated Legendre functions, for details see e.g. ref. [33].
Let us determine the associated set of cutoff modes COM(k), i.e. the eigenfunc-
tions with −∆k-eigenvalue as close as possible to k2. Inserting E ≈ k2 into (15) and
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using eq. (12) for r(k), we find the following equation for the n-quantum number of
the COMs at scale k:
n(k) (n(k) + 3) ≈ 3k
2
Λ(k)
=
3
λ(k)
. (18)
The eigenvalues for the vector and tensor modes are slightly different, but for large
n the difference becomes negligible and the spectrum is to a good approximation
continuous. We will use this continuum approximation since we are interested in
small angular distances ∆φ anyway. Then eq.(18) becomes
n(k) ≈
√
3
λ(k)
. (19)
Obviously n(k) is indeed large if λ(k)≪ 1.
Since the eigenvalue belonging to Ynl1l2m depends on n only, the set COM(k)
consists of all harmonics Ynl1l2m with n fixed by eq. (19) and the other quantum
numbers l1, l2 and m arbitrary except for the constraint n ≥ l1 ≥ l2 ≥ |m|. If
λ(k) ≪ 1, the dimension of COM(k) as a vector space is approximately n(k)3/3 ≈
√
3λ(k)−3/2 ≫ 1.
Apart from its obvious dependence on the scale, the set COM(k) depends on the
RG trajectory via the function λ(k) which determines n(k). It is important to note
that the function λ = λ(k) is not invertible in general and that different k’s can
lead to the same COM(k). Let us look at the Type IIIa trajectory in Fig. 1 as an
example. First we concentrate on its part close to the turning point, staying away
from the spiraling regime in the UV, and the IR region where the Einstein-Hilbert
truncation breaks down. We observe then that for every scale k < kT below the
turning point there exists a corresponding scale k♯ > kT which has the same λ- and
therefore n-value. As a result, the corresponding cutoff modes are equal at the two
scales: COM(k)=COM(k♯).
If the turning point is sufficiently close to the Gaussian fixed point, and k is not
too far from kT , we may use the linearization (7) for an approximate determination
of k♯. Because of the “duality symmetry” (8) it is given by
k♯ = k2T/k. (20)
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Thus, in the linear regime, COM(k)=COM(k2T/k).
Outside the linear regime the relation between k♯ and k is more implicated. The
situation becomes even more involved in the regime close to the non-Gaussian fixed
point. There, because of the spiral structure, very many different k-values have the
same λ(k) and COM(k).
Next we analyze the degree of position dependence of the functions in COM(k)
and try to quantify their “resolving power”. In order to convert the estimate for
n(k), eq. (19), to an angular resolution we note that it is sufficient to do so for one
position and one direction. By the translation and rotation symmetries of the sphere,
the resolution will be the same at any other point and in any other direction. We
therefore choose to determine the angular resolution of the modes along the equator
ζ = η = θ = π/2.
Two of the ∆k-eigenfunctions with eigenvalue n(k), namely Y± ≡ Ynnn±n, os-
cillate most rapidly as a function of φ, and we shall use them in order to define
the angular resolution. Their φ-dependence is e±inφ and the corresponding angular
resolution is
∆φ(k) =
π
n(k)
= π
√
λ(k)
3
. (21)
As expected, the angular resolution implied by the COMs depends on the RG tra-
jectory. It does so only via the function λ = λ(k) and, as a result, can be of the
same size for different values of k. In particular ∆φ(k) = ∆φ(k♯) and, in the linear
regime, ∆φ(k) = ∆φ(kT/k
2).
The angular separation (21) is the coordinate distance of two consecutive zeros of
the real or imaginary part of Y± along the equator ζ = η = θ = π/2. By definition,
the COM scale ℓ is the proper length corresponding to ∆φ(k) as computed with
the metric 〈gµν〉k of eqs. (11), (12). It is given by ℓ(k) = ∆φ(k)
√〈gφφ〉k or, using
eq. (13), ℓ(k) = ∆φ(k)
√
3/Λ(k) = (1/k)∆φ(k)
√
3/λ(k). Hence, with (21),
ℓ(k) =
π
k
. (22)
So we find that, as in theories on a classical flat spacetime, the natural proper length
scale ℓ of the COM(k)-modes is just π/k. Thanks to the symmetry of the sphere it
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is neither position nor direction dependent.
5. Lower bound on the angular resolution
Taking just the (perhaps expected) result ℓ ∝ 1/k, it seems as if nothing remark-
able had happened. But the surprising effects appear in our result for the angular
resolution, eq. (21). As we can see from the flow diagram of Fig. 1, λ(k) takes on a
minimum value λT at the turning point T . Only the Type IIIa trajectories have this
turning point, and this is one of the features that makes them particularly interest-
ing. In fact, as λ(k) ≥ λT for any scale k, we conclude that the angular resolution
∆φ(k) is bounded below by the minimum angular resolution
∆φmin = π
√
λT
3
. (23)
Stated differently, there does not exist any cutoff k for which ∆φ(k) would be smaller
than ∆φmin. On the other hand, angular resolutions between ∆φmin and ∆φ∗, defined
by
∆φ∗ ≡ π
√
λ∗
3
, (24)
are realized for at least two scales k, one of them above, the other below kT .
What has happened here? Coming from small k, we travel along the RG trajec-
tory and follow its spherical solutions, observing spacetime with a “microscope” of
variable proper resolution ℓ(k). At first, in the classical regime, an increase of k leads
to the resolution of finer and finer structures since Λ =const implies ∆φ(k) ∝ 1/k.
For the canonical RG trajectory, this behavior would continue even for k → ∞.
In quantum gravity, however, in region ii), the sphere starts to shrink, due to a
growing cosmological constant Λ(k). At the turning point scale kT at which λ(k)
assumes its minimum λT , the shrinking becomes faster than the improvement of the
resolution (r(k) ∝ k−2 in region iii)). Although we can resolve smaller and smaller
proper distances, this is of no use, since the sphere is shrinking so fast that a smaller
proper length corresponds to a larger angular distance. Finally, in the fixed point
regime (at large angles although this is an ultraviolet fixed point!), the shrinking
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slows down to a rate that cancels exactly the improved resolution of the microscope
(r(k) ∝ k−1) so that the angular resolution approaches a constant value ∆φ∗ after
the oscillations have been damped away. (Depending on the value of λ∗ it may
even happen that the UV fixed point corresponds to so large angular scales that the
approximation n≫ 1 breaks down.)
The minimum of ∆φ at the turning point is equivalent to a maximum of the n
quantum number the COMs can have:
nmax ≈
√
3
λT
. (25)
Does this mean that in the fundamental path integral underlying the flow equation
not all quantum fluctuations are integrated out when k is lowered from infinity to
k = 0? Are the modes with n > nmax left out? The answer to these questions is a
clear no. One has to carefully distinguish the quantum metric γµν , the variable of
integration in the path integral
∫ Dγ exp (−S[γ] + ...), from its expectation value,
or mean field, 〈gµν〉k. As we explained above, the shifted functional integration
over hµν = γµν − g¯µν which is implicit in the definition of Γk [gµν , g¯µν ] is organized
according to the eigenmodes of the covariant Laplacian D¯2 constructed from the
arbitrary but fixed background metric g¯µν . This integration is performed before gµν
and g¯µν are identified and the result is equated to 〈gµν〉k. At scale k, the −D¯2 modes
down to eigenvalues ≈ k2 are integrated out, and therefore on the way from k =∞
to k = 0 it is really all modes of hµν and therefore γµν that are integrated out since
the eigenfunctions of D¯2 form a complete system.
The results of the present paper should instead be thought of as reflecting prop-
erties of the mean field 〈gµν〉k. Rather than the spectrum of the k-independent
operator D¯2 we analyzed that of the explicitly k-dependent Laplacian D2
(〈gµν〉k);
its explicit k-dependence is due to the scale dependence of the on-shell metric, the
solution to the effective Einstein equation. Our argument reveals that the effec-
tive spacetime with the running on-shell metric cannot support harmonic modes of
arbitrarily fine angular resolution.
This phenomenon is a purely dynamical one; the finite resolution is not built
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in at the kinematical (i.e. γµν-) level, as it would be the case, for instance, if the
fundamental theory was defined on a lattice. It is also important to stress that, if
the non-Gaussian fixed point exists, the Green’s functions Gn(x1, x2, · · · , xn) can be
made well defined at all non-coincident points, i.e. for arbitrarily small coordinate
distances among the xµi ’s. Those Green’s functions contain information even about
angular scales smaller than ∆φmin, in particular they “know” about the asymptotic
safety of the theory which manifests itself only at scales k ≫ kT .
In fact, the argument leading to the finite resolution ∆φmin is fairly independent
of the high energy behavior of the theory. The crucial ingredient in the above
reasoning was the occurrence of a minimum value for λ(k). This minimum occurs as
a direct consequence of the k4-running of Λ(k) given in eq. (6); how the trajectory
continues beyond the scaling regime of the Gaussian fixed point was not important.
However, this k4-running occurs already in standard perturbation theory, simply
reflecting the quartic divergences of all vacuum diagrams. From this point of view
our argument is rather robust; it would apply even to a non-asymptotically safe
theory in which the impact of the perturbative k4-running is taken seriously.
Moreover, while the above argument was formulated within the Einstein-Hilbert
truncation, it is likely to be still valid in more general truncations and the exact
theory. The only prerequisite is that, near k = kT , the effective field equations
must admit S4 solutions. For some of the trajectories this will always be the case
presumably.
The upper bound on the angular momentum like quantum number n is rem-
iniscent of the “fuzzy sphere” constructed in ref. [34]. While in the case of the
fuzzy sphere the finite angular resolution is put in “by hand”, in the present case it
emerges as a consequence of the quantum gravitational dynamics .
6. Minimum proper length for a macroscopic observer
A macroscopic, classical observer would find it natural to employ the metric
gmacroµν = 〈gµν〉klab , (26)
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where klab is any scale in the classical regime in which G and Λ do not run (in Fig. 1
between the points P1 and P2). Using this metric we can define a “macroscopic
distance” for any two given points x and y:
Lmacro(x, y) ≡
∫
Cxy
(
gmacroµν dx
µdxν
)1/2
. (27)
It is instructive to ask which proper length the macroscopic observer using gmacroµν
would ascribe to the finite coordinate distance ∆φmin. Denoting this proper length
by Lmacromin we obtain
Lmacromin = r(klab)∆φmin = [3/Λ(klab)]
1/2∆φmin, (28)
and with eq. (23),
Lmacromin =
π
kT
√
Λ(kT )
Λ(klab)
=
π
kT
[
2
1 + (klab/kT )4
]1/2
. (29)
In the second equality of (29) we assumed that the turning point is sufficiently close
to the Gaussian fixed point so that eq. (6) is a good approximation for Λ(k). (For
the trajectory which seems realized in Nature this is indeed the case.) If klab ≪ kT
we find that Lmacromin is essentially the same as the turning point scale:
Lmacromin =
√
2πk−1T . (30)
Remarkably, this minimal proper length is different in general from the Planck
length which is usually thought to set the minimal length scale. Using the linearized
flow one can show [31] that kT/mPl ≈ √gT . So, if gT is small, Lmacromin can be much
larger than ℓPl ≡ m−1Pl . The trajectory realized in Nature seems to be an extreme
example: It has gT ≈ 10−60, implying k−1T ≈ 1030ℓPl ≈ 10−3 cm, and Lmacromin is of the
same order of magnitude.
Should we therefore expect to find an Lmacromin of the order of 10
−3 cm in the real
world? The answer is no, most probably. The reason is that our present discussion
is based upon the vacuum field equations where it is the value of the cosmological
constant alone which determines the curvature of spacetime. In presence of matter,
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the scale dependence of Λ can have an observable effect only if the vacuum energy
density ρΛ ≡ Λ/8πG is comparable to the matter energy density (including the
matter energy density of the measuring device).
7. Intrinsic distance and scale doubling
In fractal geometry and any framework involving a length scale dependent metric
one can try to define an “intrinsic” distance of any two points x and y by adjusting
the resolving power of the “microscope” in such a way that the length scale it resolves
equals approximately the, yet to be determined, intrinsic (geodesic) distance from
x to y. 2
To be concrete, let us fix two points x and y and let us try to assign to them a
cutoff scale k ≡ k(x, y) which satisfies
Lk(x,y)(x, y) = ℓ(k(x, y)). (31)
Eq. (31) is a self-consistency condition for k(x, y): the LHS of (31) is the distance
from x to y as seen by a microscope with k = k(x, y), and the RHS is precisely the
resolution of this microscope. If (31) has a unique solution k(x, y) one defines the
intrinsic distance by setting
Lin(x, y) ≡ Lk(x,y)(x, y). (32)
Since ℓ(k) = π/k, this distance is essentially the inverse cutoff scale:
Lin(x, y) =
π
k(x, y)
. (33)
Let us evaluate the self-consistency condition (31). Without loss of generality
we may assume again that x and y are located on the equator of S4 so that eq. (14)
applies. Then, by virtue of (22), eq. (31) boils down to the following implicit equation
for k(x, y):
λ(k(x, y)) =
3
π2
|φ(x)− φ(y)|2. (34)
2This kind of dynamical adjustment of the resolution has also been used in the RG improvement
of black hole [35] and cosmological [36]-[42] spacetimes, see in particular ref. [41].
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Recalling the properties of the function λ(k) for a Type IIIa trajectory we see
that (34) does not admit a unique solution for k(x, y). If x and y are such that
|φ(x)− φ(y)| < ∆φmin it possesses no solution at all, and if |φ(x) − φ(y)| > ∆φmin
it has at least two solutions. Staying away from the deep UV and IR regimes,
every solution k(x, y) < kT on the lower branch of the RG trajectory has a partner
solution k(x, y)♯ > kT on its upper branch. As a result, the intrinsic distance of x
and y is either undefined, or there exist at least two different lengths which satisfy
the self-consistency condition (31).
In the linear regime where k♯ = k2T/k, the two lengths Lin(x, y) = π/k(x, y) and
Lin(x, y)
♯ = π/k(x, y)♯ are related by
Lin(x, y)
♯ =
L2T
Lin(x, y)
(35)
where LT ≡ π/kT . Eq. (35) is reminiscent of the dualities in string theory. If Lin(x, y)
is large compared to the turning point length scale LT , the “dual” scale Lin(x, y)
♯ is
small. In the extreme case, when applied to Nature’s RG trajectory, the duality (35)
would even exchange the Planck- with the Hubble-regime: Lin(x, y) ≈ H−10 implies
Lin(x, y)
♯ ≈ lPl.
Thus we found one more instance where a quite unexpected “doubling” of k-
scales makes its appearance. The first phenomenon of this kind which we encoun-
tered was the exact equality of COM(k) with COM(k♯), and later on we saw that
also the angular resolution ∆φ is exactly the same at k and k♯. We shall refer to this
phenomenon as a “scale doubling”, keeping in mind however that in the spiraling
regime there are many more k-values with the same COM(k) and ∆φ(k).
At a formal level the origin of the doubling is easy to understand. It is due
to the “back bending” of the RG trajectory at the turning point T which implies
that the function λ = λ(k) assumes a minimum at a finite scale k = kT . Only
the trajectories of Type IIIa possess a turning point of this kind, and this is one of
the reasons why they are particularly interesting and we restricted our discussion
to them. It is important to understand that the occurrence of this turning point
is a pure quantum effect. Switching off the renormalization (i.e. quantum) effects,
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the Type IIIa trajectory is substituted by the canonical trajectory shown in Fig. 1
which has no turning point and no scale doubling therefore.
While its origin is quite clear, the physical implications of the scale doubling and
the duality symmetry are somewhat mysterious. To some extent the difficulty of
giving a precise physical meaning to them is related to the fact that one actually
should define the “resolution of the microscope” in terms of realistic experiments
rather than the perhaps too strongly idealized mathematical model of a measure-
ment based upon the COMs. For various reasons it seems premature to assign a
direct observational relevance to the minimal angular resolution and the scale dou-
bling:
(i) We found that only the coordinate distance ∆φ(k) assumes a minimum, but
not the corresponding proper distance computed with the running metric 〈gµν〉k. In
particular the resolution function ℓ(k) = π/k is exactly the same as in flat space.
(But nevertheless the COM-microscope is unable to distinguish points with an an-
gular separation below ∆φmin !)
(ii) Our analysis applies to pure gravity. In presence of matter the “fuzziness” of
the S4 can become visible probably only at scales where the cosmological constant
dominates the energy density.
(iii) As a special case of (ii), the fuzziness might be masked by the backreaction of
a realistic (i.e. gravitating) measuring apparatus on the spacetime structure.
(iv) As for a possible physical significance of the duality symmetry it is to be noted
that the two scales which it relates, k < kT and k
♯ > kT , have a rather different sta-
tus as far as quantum fluctuations about the mean field metric 〈gµν〉k are concerned.
The structure of the exact RG equation is such that the fluctuations are the larger
the stronger the renormalization effects are. As a result, the metric fluctuations
about 〈gµν〉k♯ on the upper branch are certainly larger than at the dual point on the
lower branch of the RG trajectory.
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Clearly more work is needed in order to understand these issues better. We em-
phasize, however, that the above discussion deals only with the interpretation of
QEG, and not with its basic construction along the lines of the asymptotic safety
scenario. As we pointed out already, the existence of a finite ∆φmin is perfectly con-
sistent with having integrated out all modes of the quantum metric. Throughout the
present paper we assumed that the quantum theory has been constructed already
and that its RG trajectories are known. What we did is to derive the running mean
field metric for a given trajectory and to analyze its properties, in particular with
respect to the running set of cutoff modes COM(k) it gives rise to.
8. Summary
In this paper we constructed a special example of a “QEG spacetime”, the quan-
tum 4-sphere, and analyzed its properties. We were particularly interested in the
relationship between the IR cutoff k and the coarse graining scale ℓ. Strictly speak-
ing this scale, the resolving power of the “microscope” with which we observe the
spacetime structure, depends in a complicated way on how this “microscope” is re-
alized in practice, i.e. on what kind of experiment we perform in order to probe
spacetime. Rather than analyzing possible experiments explicitly we used a simple
and natural mathematical model for the resolving power, namely we defined ℓ to be
the typical proper length scale of the cutoff modes. The main motivations for this
definition are that on a classical spacetime it reproduces the standard result, and
that it is an intrinsic property of any RG trajectory: given the trajectory k 7→ Γk,
we can solve for 〈gµν〉k at each scale, build ∆k from it, and solve its eigenvalue
problem to find COM(k).
Applying this algorithm to the quantum S4 we found that the IR cutoff and the
proper coarse graining scale are related in exactly the same way as in classical flat
space: ℓ(k) = π/k. In obtaining this result it was crucial to employ the running
metric 〈gµν〉k for converting coordinate to proper distances.
Regarding the question as to whether QEG generates a minimal length dynam-
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ically, again, one should in principle analyze realistic experiments on a case-by-case
basis. As a first step in this direction we analyzed this issue within the COM-model
of the “microscope”. The results are:
(a) There is no lower bound on proper distances measured with the running metric
〈gµν〉k.
(b) There is a nonzero minimal angular separation ∆φmin, i.e. a minimal coordinate
distance that the COMs can resolve.
(c) There is a nonzero lower bound Lmacromin on proper distances measured with a fixed
macroscopic metric.
The statements (a) and (b) above can be true simultaneously only thanks to the
running of the gravitational parameters: Increasing k the on-shell spacetime shrinks,
and this effect counteracts our ability to separate two points by making k larger.
This is the physical origin of the finite angular resolution ∆φmin. Converting ∆φmin
to a proper length with the running metric 〈gµν〉k, the resulting length becomes
arbitrarily small for k →∞. Using a fixed (macroscopic) metric instead, the finite
angular resolution amounts to a finite minimal proper distance Lmacromin , however.
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